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This article describes the energy resolution of spin-echo three-axis spectro-
meters (SE-TASs) by a compact matrix formalism. SE-TASs allow one to
measure the line widths of elementary excitations in crystals, such as phonons
and magnons, with an energy resolution in the peV range. The resolution
matrices derived here generalize prior work: (i) the formalism works for all
crystal structures; (ii) spectrometer detuning effects are included; these arise
typically from inaccurate knowledge of the excitation energy and group velocity;
(iii) components of the gradient vector of the dispersion surface dw/dq
perpendicular to the scattering plane are properly treated; (iv) the curvature of
the dispersion surface is easily calculated in reciprocal units; (v) the formalism
permits analysis of spin-echo signals resulting from multiple excitation modes
within the three-axis spectrometer resolution ellipsoid.

1. Introduction

Neutron triple-axis spectrometers (TASs) are traditionally
used to measure dispersion relations of elementary excitations
in single crystals (Shirane ez al., 2002). The energy resolution
of TASs is a few per cent of the incident neutron energy, which
is sufficient to determine the energy of an excitation but not its
intrinsic line width. This limitation of TASs was overcome by a
proposal of Mezei (1978, 1980) to combine a spin-echo spec-
trometer consisting of precession devices (PDs) up- and
downstream of the sample with the TAS. Inside these PDs, the
neutron spins undergo Larmor precession, and the net
precession angle after passing both PDs is proportional to the
energy transfer hw (Fig. 1). In practice, such a combined spin-
echo triple-axis spectrometer (SE-TAS) boosts the bare TAS
energy resolution by two orders of magnitude. The cost of this
improved energy resolution is a loss of intensity, as the spin-
echo technique requires the neutron beam to be polarized and
analysed.

For a spin-echo measurement, the TAS resolution volume,
usually approximated by an ellipsoid in (Q, w) space, is placed
onto the excitation of interest (Fig. 2). The TAS then works as
a so-called background spectrometer defining the momentum
resolution and a coarse energy resolution; the latter helps to
suppress background. The spin-echo part is shown as planes of
constant phase (PCP), where all scattering events lying on
such a plane get the same net Larmor phase, and parallel
planes correspond to constant phase differences. If these
planes are tuned to be parallel to the dispersion surface, the
phase differences A® of scattering events encode the intrinsic
energy width of the excitation. This tuning is achieved by
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selecting appropriate magnitudes of the magnetic fields B ,
and the inclination angles 6, , of the field boundaries of the
PDs. As the PCP are flat, whereas the dispersion surface in
general is curved, a finite energy resolution is introduced,
corresponding to the deviation between planes and dispersion
within the volume of the ellipsoid.

Present SE-TASs take advantage of the resonance spin-
echo technique to implement the PDs (Golub & Giéhler, 1987
Gihler & Golub, 1988). Neutron resonance spin-echo (NRSE)
is based on small radiofrequency spin-flip coils to define the
boundaries of the PDs. Inclination of the boundaries is
achieved by rotating these coils. The first instrument based on
this technique is FLEX-NRSE, which allows one to measure
line widths of elementary excitations over broad ranges of
momentum and energy transfer with an energy resolution as
low as 1 peV. That is roughly two orders of magnitude better
than on conventional neutron spectrometers. The first line-
width studies included phonons and rotons in superfluid “He
(Keller et al., 2004), phonon anharmonicities in Pb (Habicht et
al., 2004) and magnon-magnon scattering in the model
Heisenberg antiferromagnet MnF, (Bayrakci et al., 2006). The
data for the latter experiment were completed at the NRSE-
TAS instrument TRISP at the FRM II (Keller, Habicht et al.,
2002), which was constructed on the basis of the FLEX design.
A second NRSE-TAS instrument using the FLEX-NRSE
design with modified radiofrequency flippers is ZETA at the
ILL (Klimko et al., 2003; Martin et al., 2011). Recently, a new
design of the PDs based on superconducting magnetic
Wallaston prisms reached a performance comparable to that
of NRSE (Li et al., 2017). These prisms are more compact than
the current NRSE designs and can be easily integrated in
existing polarized TAS instruments.

Figure 1

Spin-echo triple-axis spectrometer layout. M and A are the TAS
monochromator and analyser, respectively, defining k; ¢, and D is the
detector. The precession devices (PDs, blue regions) provide DC fields
B,, and boundaries with inclination angles 6,,. Several coordinate
systems are used in the calculations: i;; , || Ky g, j; » L Ky in the scattering
plane, 1, , perpendicular to the scattering ‘plane. The inset shows the
scattering triangle Q = k; — kp, where Q is expressed in coordinates
iy || Q.j, L Q in the scattering plane, i, perpendicular to the scattering
plane. The vectors n;  normal to the field boundaries are described in
coordinates m;; || m; i, t;; L m; ;. in the scattering plane, and s; ; perpendi-
cular to the scattering plane.

An adequate description of the energy resolution of SE-
TASs is needed both for planning experiments and for the
data analysis. A compact resolution matrix formalism based
on a second-order expansion of all relevant parameters,
including the TAS resolution, the curvature of the dispersion
surface, and the spread of both the crystal mosaicity and
lattice spacing, is available (Habicht et al., 2003). However,
this formalism is limited to tuned instruments, meaning that
the TAS resolution ellipsoid is centred on the excitation (qp,
), and the PCP are perfectly tangential to the dispersion
surface at this point. Detuning effects are included in the
generalized formalism presented in this work. These effects
typically arise from inaccurate values of the energy and the
group velocity of an excitation, such that the TAS ellipsoid is
not centred on the excitation and the PCP are not properly
aligned. The formalism then allows one to calculate the
accuracy of the spin-echo linewidth data on the basis of an
error estimate of the dispersion parameters. Unavoidable
detuning effects occur if several dispersion branches with
different energies and/or group velocities appear within the
volume of the TAS resolution ellipsoid, for example if multiple
modes are split or otherwise not well separated. It is not
possible to tune the instrument to all modes and the detuning
that arises can be described with the new formalism. A first
application was the analysis of split magnon branches emer-
ging from two misaligned crystallites (Habicht et al., 2010).
The new formalism was also tested on split phonon modes
from crystals with controllable misalignment.

The current work further extends the formalism presented
by Habicht et al. (2010). After a brief summary of the basic
spin-echo equations we derive the generalized resolution
matrix, where all relevant parameters are expanded to second
order and are assumed to follow Gaussian distributions. We
apply the resolution matrix to a few practical cases and to
experimental results on model systems.

AE

Figure 2

The TAS resolution ellipsoid (blue) cuts a small section (red) of the
curved dispersion surface (green). The planes of constant SE phase (PCP,
dark blue) are parallel to a plane oriented tangentially to the dispersion
surface.
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2. Resolution matrix
2.1. Simplified model of SE-TASs

We first give a brief summary of the SE-TAS resolution
properties, where we assume perfect PDs with uniform fields
(without fringing fields). The normal vectors n; ; are within the
scattering plane defined by k| . In a later step we will allow for
arbitrary inclination of the PD boundaries. We further assume
that there is only one dispersion surface within the TAS
resolution ellipsoid and that the ellipsoid is centred on the
point (q, @,) on this dispersion. Later, we will generalize the
formalism to allow for more than one dispersion surface and
an off-centred resolution ellipsoid.

The basic setup and all coordinate systems are shown in
Fig. 1. The incident and scattered neutrons have mean wave-
numbers k; i, indicated by capital indices. The PDs provide
uniform magnetic fields B;, of length L,, with boundary
inclination angles 6, ,. Positive angles correspond to counter-
clockwise rotation. In this article, we give the polarization P as
a complex number. The physical polarization of the neutron
beam is the real part Re(P) and the magnitude |P| is the so-
called echo amplitude. P downstream of the second PD is

P =y [ 5@ @Re\ e k) explivte, k) K k. (1)

where S(Q, w) is the scattering function, Ry,g(k;, k;) is the
TAS transmission function, N is a normalization constant and
®(k;, k;) is the net Larmor phase:

cb(kn kf) = Cbo(kh kF) + ACD(Aki’ Akf)
_ Ay A,
o k;-n

K n @
with A, = (m/h)w;,,L,,cos 6, ,, the neutron mass m, the
Larmor frequency w;, , = ¥B , and the gyromagnetic ratio of
the neutron y = 27 x 2.916 kHz G™'. We treat the Larmor
precession in a classical way; a quantum mechanical treatment
is given by Géhler et al. (1998), Keller, Golub et al. (2002) and
Habicht (2003). The actual wavenumber k;; of a neutron
deviates from the mean: k; ; = k; p + Ak, ;. Further, we use the
conventional definitions Q,=g¢q,+ G, =k; —k; and
w, = w(q,) = h/2m(k; — k;), where q is the momentum of
the excitation and G, is a reciprocal-lattice vector.

The spin-echo (SE) tuning conditions for the PD inclination
angles and field ratio are obtained from a first-order expansion
of the Larmor phase [see equation (2)]:

_ (h/m)kI,F - quo(qo)

= 3
LF Ny (3)
Ly _ Cos 0, (k, ‘nI)2N1 (%)
wLy  cos O (kg - nF)zNF '
with
h
Nyp = akI,F - quo(%) . (%)

The so-called SE time 7 is given by

SP T N — (6)
(k],F 'nl,F) Ny

If the tuning conditions (3) and (4) are satisfied, the simple
relation A® = 7 Aw holds, where Aw =0 is defined by a
plane of constant Larmor phase tangential to the dispersion
sheet. The value for 7 from equation (6) is then the same for
the two PDs.

2.2. Second-order expansion of the SE phase

For a general calculation of the resolution function, we
expand the phase [equation (2)] to second order in Ak;; and
Aw. The TAS resolution ellipsoid will be described by
including the matrix elements derived by Popovici (1975) and
Stoica (1975). The calculation follows Habicht et al. (2003), but
we allow for the following generalizations: (i) The SE might be
detuned; this means equations (3) and (4) are not satisfied.
This includes a detuning of the TAS in the sense that the
resolution ellipsoid is not centred at the nominal excitation
(qq, wy)- (i) There are no restrictions to the crystallographic
symmetry of the sample crystal. All vectors in the following
calculations are assumed to be expressed in Cartesian coor-
dinates, which are related to the crystal lattice by the UB
matrix formalism (Lumsden et al, 2005). (iii)) The local
gradient of the dispersion surface Vw(q,) may have compo-
nents perpendicular to the scattering plane.

The Larmor phase [equation (2)] expanded to second order
is

Pk, k) — @) =
Ay A,
————(Ak; - m) + ———— (Ak; - my)
(ky - “1)2 (kg - “f)2
A, 2 A, 2
4+ ————(Ak; - n) ————(Ak; - ng)". 7
(k; - m)’ (kpom)’

The aim is to express the total Larmor precession angle in
terms of the vector J = (Aw, Aky,, Y1, Y2 215 2,) With

Ak = xiiy + yidy + 2y, ®)
Ak = X0 + yoj, + 2L, )
Ak, = Ak; - n;. (10)

As a next step we expand the dispersion relation. Here we
have to include both the curvature of the dispersion surface
and variations of the reciprocal-lattice vector G arising from
sample imperfections, that is the mosaicity and a spread of the
lattice spacing of the sample crystal. Both effects are treated in
detail in §§2.4 and 2.5. At this point of the calculation, we
anticipate the definition of a curvature matrix H,, which
incorporates the second derivatives of the dispersion surface.
Expanding the dispersion relation to second order we obtain

1
o(q) = o(q) + Ao+ Aq- Vo(q) +5Aq'H)Aq - (11)
with q = q, + Aq, q, + G, = k; —k; and Aq = Ak, — Ak,.

We assume that the line width of the excitation is constant
within the volume of the TAS resolution ellipsoid, such that
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Aw does not depend on q. The reciprocal-lattice vector G
varies around G, owing to sample imperfections, including the
mosaic spread and variations in the lattice spacing corre-
sponding to a variation of the magnitude and direction of G,
respectively:

G =G, + AG. (12)
Since the momentum transfer is defined as
Q=k -k =G+q (13)

the lattice imperfections AG lead to an additional variation of
the wavevector:

Aq = Aq— AG = Ak, — Ak; — AG. (14)
Combining equations (11) and (14) gives
w(q) = w(qy) + Aw + Ak; - Va(qy) — Ak; - Vax(q,)
— AG - Vo(q,) + % AqTH)Aq. (15)

The energy conservation w(q,) = #/2m(k} — k?) expanded to
second order reads

h h h h
w(‘]) = a)(q()) + _kl : Aki - _kF . Akf + _Akiz — —Ak%.
m m 2m 2m
(16)
Combining equations (15) and (16) yields
h h , h )
Aw = |—k; — Vo(qp) | - Ak; + — Ak; — — Ak;
m 2m 2m
h
- |:m kg — Vw(qo)i| - Ak + AG - Vo(q,)
1 /T ’
-3 Aq "HyAq'. 17)

In the next step we allow for detuning both the field ratio and
the inclination angles of the PDs. Then equation (6) yields
different values for the two PDs:

A, .
(kl‘F : ni‘f)le,F

To obtain the relevant second-order terms, we first multiply
equation (17) with t,:

(18)

Tip =

A h
nAw = —22 |:_ k; — Vw(‘lo)] - Ak;
(kg - mg)"Ng Lm
A h/m)kg — V.
_ 2 2( /m)kg w(qy) - Ak
(kg - ) N
h P 2
+ o 7, Ak — %rzAkf + 1,AG - Va(qy)
1 /T /
) L, Aq HyAq
A4, N Ay
=—"——¢& Ak, — —— & Ak
(kg - mp)” Np (kg - ny)

h n
+ —1,AK’ — — 1, AK} + 1,AG - Vo(q,)
2m 2m

1
-3 ,AqH,Aq'. (19)

We define the unit vectors

e — (h/m)k; p — Va(qq)
if — NLF

(20)

with the components ¢ ¢, €; 1,, €; 5 in the coordinates defined in
Fig. 1:

Cip = Eip My, Cpp =& Gy,  e3p3 =8 S (21

Inserting equation (21) in equation (19) yields

AZ 7 "
—(k n )2 Ak; -n; = —1, Aw + 1, Nje;; Ak,
F I
1
+ 1 Niey <_Akin tan 0, + y, )
cos 6,
+ 1 Niez; — 1 Nee 2,
1

— T, Ngep osa. ) + m T Ak}
2

h
— — T Ak} + T/ AG - Vo(q,)
2m
1
— 5B A HAQ (22)

with

& (23)

1
o=
(e — e, tan 6,)

In deriving equation (22) the following relations for Ak;;
expressed in the basis of m;(, t;; and s;; were used:

s, - Ak; = z4, (24)
s - Ak; = z,, (25)
n, - Ak, = Ak, (26)

AKk; = (x; cos 6, + y; sin 6 )n,
+ (—x, sin 6, + y, cos O)t; + z;5;

1
>ti +zi8,  (27)
i

= Akinni —+ <—Akm tan 91 + yl m

1
Ak; = (Ak; - ng)n; + [_(Akf -np)tant, +y, i|tf + 2284
2

cos 6
(28)
1
t,- Ak, = — Ak, tanf, +y, ——, (29)
cos 6,
1
t; - Ak; = —(Ak; - ng)tan6, + y, o (30)
2

Substituting equation (22) into equation (7) gives the Larmor
phase:

J. Appl. Cryst. (2018). 51, 818-830
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Ok, ko) — @y = —1,N|Aky, — T Aw + Ty Ne; Ak,

1
'Nie,| —Ak. tan6 —_—
+1 Ielz( in tan o, +y; cos@l)

' 1 1
+ 5 Niepzy — T, Npep — T, Ngepz,

cos 6, Y2
1
+GAG- Vo(g) — 57 AqTH A
h h
+— AR — — T AK}
2m 2m

N N
: .]ni Ak, — Tsz—_an(Akr )’ (31)

+le

This expression of the Larmor phase includes second-order
terms with the above-mentioned generalizations.

The term (AKk; - n,)* in equation (31) is now substituted by
using equation (22). Since only second-order effects are
considered and higher-order terms are neglected, it is suffi-
cient to use equation (22) to first order only:

1 N;C, N,
AK; -n; = — Aw+—T Ak, +—e, v,
C;Ng NG CiNg “cosf;
1 1 n N,
— ey, —— ———en7, — —e
C 2 os 6, Y2 CN; 321 C 1332
AG -V 32
+ C.N; w(qp) (32)
with
A
L=l (33)
(k¢ - m) Ny
C, =e; —eytanb,, (34)
C, = ey —eptanb,. (35)

The term +(1/C;Np)AG' - Vw(q,) considers only the first-
order terms arising from the lattice imperfections. This term
introduces cross terms between the lattice imperfection vari-
ables An, Av (horizontal and vertical mosaic) and AG, (lattice
constant variation) and the variables of the six-component
vector J. AG., is defined in equation (49). Ak? and Ak? are
substituted in equation (31) using equations (27) and (28):

2
AK; = AKL + (-Akm tan®, + y, ) +zi,  (36)

cos 6,

17
AK? = (Ak; - nf)2 + |:—(Akf ‘ng)tan, + y, —j| + z3.
cos 6,

(37

Inserting equations (36) and (37) into equation (31) and using
again equation (32) to substitute all Ak, - n, terms allows us to
express the total Larmor precession angle as a function of
squared and cross terms of the six variables
(Aw, Ak, ¥, ¥,, 21, 2,)- The total Larmor phase can conve-
niently be expressed in matrix notation:

1
ok, k) — D, =TT — ErgJT‘PJ + 7 AG - Vo(q,)
1
-5 AqTHAq + X(AG). (38)

Here X(AG) denotes all cross terms introduced by sample
imperfections treated in §2.4. The components of the six-
dimensional column vector T and the elements of the
symmetric (6 x 6) matrix ¥ are given in Appendices Bl and
B2. For the special case, where the SE conditions are satisfied
and the gradient Vw(q,) lies in the scattering plane, the
components reduce to

ein =1 epp=ez3=0, (39)

Ci=1 n=15 1=r1. (40)

The matrix W then reduces to the matrix given by Habicht et
al. (2003). Since all elements of Texcept 7, = —1 are zero, the
first term in equation (38) reduces to the basic expression
TT') = —tAw.

2.3. The 7 dependence of the polarization

As a next step, we combine the SE Larmor phase with the
TAS resolution function, first assuming an idealized sample
with perfect lattice (AG = 0) and a dispersion surface without
curvature (H, = 0). We allow for a detuning of the instrument,
such that equations (3) and (4) are not satisfied. This will give
us an expression for the polarization versus SE time t
according to equation (1). With these assumptions equation
(38) reduces to

1
O(k;, k) — D) =TT — ErgJT‘l'J. (41)

The TAS transmission function is described in terms of the
matrix derived by Popovici (1975). In order to have a consis-
tent nomenclature, the calculation of Ry,g is summarized in
Appendix A. In terms of the variable vector J we get

1
Ryps(k;, kp) = exp (_ ) JTLTASJ> . (42)

Substituting equations (41) and (42) into the fundamental
equation (1) gives

1 1
P== / 5(Q, w) exp(ity T T) exp (— ZJTLIJ) ds,

with
L; = Lyag + it P, (43)

We now argue that all terms that are nonlinear in Aw can be
neglected in equation (43). The reason is that in SE
measurements the energy width of S(Aw) is much narrower
than the energy width of the TAS transmission function Ry,
and the range of Aw is small, such that the integral in equation
(43) is dominated by a term exp(—itAw). If both widths were
comparable, it would make more sense to perform TAS scans
to determine S(w) without using SE. Neglecting terms
nonlinear in Aw, equation (43) splits into a product of the
resolution function and the Fourier transform of S(w):
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1 -
P= NfS(Q, ) exp(—it; Aw) dAw
~r 1~ ~
X /exp(irgTTJ) exp(—zJTL]J) &7, (44)

where J = (Aky, Y1, Y25 24, 2,) and T are the five-dimensional
subvectors of J and T without Aw. L, is the corresponding
symmetric (5 x 5) submatrix of L;. The Gaussian resolution
integral in equation (44) has the following general solution
(Miller, 1964):

/ exp(KTJ) exp(— %JTMJ) a'J,

2m)"? 1
- Ll/zexp _ K™™K ). (45)
(det M) 2
The second integral in equation (44), the resolution function,
then reads

detL onl”
t //:
FI(TQ/ — |: € I(‘CZ ):| exp|:_

1 Ty =1\
detil(ré/ -0, T L ()T ||.

2

(46)

The exponential term is unity for a tuned instrument, since in
this case T is zero and F;(7}) then is identical to equation (65)
in the work of Habicht et al. (2003). For strong detuning, this
exponential term will dominate the decay of the polarization.

2.4. Sample mosaic and spread in d spacing

Mosaicity and spread of d spacing of the sample crystal lead
to a variation of the direction and magnitude of the reciprocal-
lattice vector AG = G — G, where G, is the mean reciprocal-
lattice vector corresponding to a perfect crystal. This also
leads to a smearing of the effective excitation momentum
Aq = Q, — AG. As a consequence, the SE phase in equation
(38) gets the additional term +7/AG - Vaw(q,). For a quanti-
tative treatment we define the vertical (Av) and horizontal
(An) mosaicity and the variation of the magnitude AG:

(Gy 4+ AG)cos Avcos An
(Gy + AG)cos Avsin An |. 47)
(Gy + AG)sin Av

G=G,+AG=

We assume that the variations are small and expand to second
order:

AG —1Gy(AV + ARP)

G,An+ AGAy . (48)
GyAv+ AGAv

AG =

Since for phonons the scattering cross section is proportional
to (Q - &)> where & is the phonon polarization vector, g, should
ideally be perpendicular and parallel to G, for the measure-
ment of transverse and longitudinal phonons, respectively.
Equation (48) shows that first-order contributions to the SE
phase are linear in AG for longitudinal and linear in An for

AG —1G(AV + ApP)
AG, = | G,An and AG' = AGAn
G,Av AGAv
(49)
The complex resolution matrix including AG reads
Ly=TI"LI+N+W (50)
with the nonzero elements of the (6 x 9) matrix I
Iy =Ip =1 =1 =Is=1s=1, (51)
I, =C,, ILg=CG, I,=C,G,, (52)

and with the definition C = V,w(q,). The nonzero elements
of the (9 x 9) matrix N are

1 1
N77:?§7 Nssznz’ Nyg = (53)

wcw‘ —

We assume a Gaussian distribution of AG, An and Av with
related standard deviations Y, ng and vg, respectively. The
quadratic terms are taken into account by the symmetric
(9 x 9) matrix W with the following nonzero elements:

Wig = Wy = —inyC,, Wy = Wy, = =iy C., (54)

Wys = +i1yC, Gy, Woy = +iTy C, G (55)

Note that equation (54) is the corrected version of equation
(83) in the work of Habicht et al. (2003). The linear terms in
An, Av and AG, arising from AG, can be written as
+it) T, Jy;, with the column vectors

T, =(0,0,0,0,0,0, C,, C,Gy, C,Gy), (56)

v = (Aw, Akiy, y1. Y5, 21, 25, AG, An, Av). (57)
All linear terms can be taken into account by introducing
-1,N( ¢ _ﬁcf , Niep ’_%’
7, cosf,  cosb, | (58)
Nye;, —Ngeg, C,, _CyGOu —C. Gy,

Ty =

Analogous to the treatment in the previous subsection, terms
in Aw higher than linear are neglected, leading to

1 . I
P= N/S(Q’ w) exp(—it, Aw) dAw
~~ Ty~ ~
X /exp(ith&JM) exp <— EJLLMJM) &7, (59

where jM = (Akyy, Y15 Y2, 215 25, AG,, An, Av) and ’TM are the
eight-dimensional subvectors of J; and T,,, respectively. iM is
the corresponding symmetric (8 x 8) submatrix of Ly, The
second integral is the resolution function. Integration using
equation (45) gives

~ 1/2
detLy (7 =0
Fm(fg — |: € M(TZ ):| exp|:—

det Ly, (¢

1 o~ ~
SR

. 60
transverse phonons. For the further calculation we separate (60)
linear and quadratic terms:
J. Appl. Cryst. (2018). 51, 818-830 Felix Groitl et al. + Generalized resolution matrix for spin-echo spectrometers 823
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2.5. Curvature of the dispersion surface

In this section the influence of the curvature of the disper-
sion surface on the Larmor phase is discussed. The planes of
constant Larmor phase (Fig. 2) are usually tuned to be
tangential to the dispersion surface, but a curvature of the
surface leads to a smearing of the phase. As the dispersion
surface is only visible within the volume of the resolution
ellipsoid, we again use a second-order expansion employing
the Hessian matrix:

82
Hi/' = 8q-8q-w(q)

Ly

ij=1,23. (61)

Within the resolution formalism, the matrix H is expressed in
Cartesian coordinates related to the reciprocal lattice by the B
matrix (Busing & Levy, 1967). If the Hessian matrix is calcu-
lated in reciprocal-lattice coordinates as H,,, with basis
vectors b; = a*, b, = b* and b; = ¢*, then the transformation
to Cartesian coordinates reads H = BH,;;; B™".

Following Habicht et al. (2003), the modified matrix reads

Lc = L, +it)1c'O: ' HO I (62)

where the matrix @cI. transforms the Hessian H to the
coordinate space of L;. The matrix ®. describes the trans-
formation

Aqy, = 0O Y (63)

with the column vector Y = (xy, y;, 25, X, ¥5, 2,) and its
components defined in equations (8) and (9). The variation of
the wavevector Aq, = Ak; — Ak; is expressed in the basis of
the Cartesian system (i, j, and l,). In this coordinate system
the wavevector Q, = (Q 00) is parallel to i, (see Fig. 1). (iy, jo
and 1) are identical to the coordinate system defined as the 60
system by Lumsden et al. (2005). In order to express Aq, in the
0 system, Ak; and Ak; are rotated into the Q, frame. Using
equations (8) and (9) and the definitions in Fig. 1 gives

AKk; = (x; cos ¢ — y; sin @)y + (x; sin @ + y; cos 9)j, + 2y,
(64)

Ak; = (x, cos B — y, sin B)i, + (x, sin E + y, cos B)j, + 251y,
(65)
where ¢ is defined as the angle between Q, and k;, and & is

defined as the angle between Q, and k;. Thus, for equation
(63) to hold we obtain

cosp —sing 0 —cosE sin& 0
Or=|sing cos¢p 0O —sinE —cosE O
0 0 1 0 0 -1

(66)

The definitions of ¢ and E are different from those given by
Habicht ef al. (2003) and sign errors are corrected. In order to
evaluate the expression Aq"HAq, the Hessian H first is
rotated to Hy. According to Lumsden ez al. (2005) the trans-
form of the vector Q is defined as

Q, = QMNUBQ (67)

and that of the matrix H is
H, = QMNUBHB 'U'N"'M'Q". (68)

Equation (68) is the generalization of the matrix transform
given by equation (91) in the work of Habicht er al. (2003).

In order to evaluate the resolution matrix, the Hessian
needs a further transformation into the variable space of the
six-dimensional vector J. The matrix I relates Y and J by the
linear transformation

Y =1.J. (69)

The aim is to obtain a linear relation between the variable
vectors J and Y. We start with the following expression [see
equation (17)]:

Aw = N&, - Ak, — Npg; - AK;. (70)
Substitution of k; ; and &; ; by using equations (27), (28), (20)
and (21) gives
Aw = x,(Nye; cos 6, — Nje,, sin6,)
+ y1(Ni¢; sin0; + Nyep cos 0,) + e3Nz
— Xx,(Ngey; cos 6, — Npey, sin6,)
— ¥o(Ngey sin 6, — Ngep, cos ) — egNpz,  (71)

and
Ak, = x, cosO; + y, sin6,. (72)

According to equation (69) the transformation reads
J =1I:'Y. The elements of the matrices Iz' and I are defined
in Appendices B3 and B4. For tuned SE conditions equations
(39) hold and I reduces to the matrix given by Habicht et al.
(2003).

With equations (69) and (63) the additional term in the
Larmor phase due to a curved dispersion surface is given by

AqQ"HAq, = Y'O'HOLY
=J'I'O. ' HOIJ. (73)
The resolution matrix as given in equation (62) can now be
evaluated. The polarization can again be written as a product

of two integrals, where the second one is the resolution
function:

1
P= N /S(Q, w) exp(—it) Aw) dAw
) 1~ ~
x / exp(ir;’TTJ) exp<—§JTLCJ> &1 (74)
Using equation (45) the resolution function taking into
account curvature effects (without including mosaicity and

spread in d spacing) is

detL(7) = 0)

1/2

1 Ty =1\
= exp| —= 5T Lo ()T ||.
det Lo(t! } [ 2727 e

(75)

Fo(ry) = |:
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2.6. Combining mosaicity, spread in d spacing and curvature
of the dispersion surface

The results of the two previous sections can now be
combined. The variation of the reciprocal-lattice vector AG’
[equation (49)] also requires Aq to be modified via

Aqd = Aq— AG/, (76)
which enters the curvature term
AqTHA(Q. = (Aq — AG)'H(Aq — AG))
= Aq'HAq + AG'"HAG'
—2Aq"HAG'. (77)
The corresponding matrix for the resolution function is
Lyc =T'LI+N+W. (78)
The resolution function can be expressed as
~ , 172
B =0 o R OR.

(79)

Fye(w) = |:

This resolution function Fy includes lattice imperfections
(mosaicity, spread of d spacing) and the curvature of the
dispersion surface.

3. Energy detuning

In this section we calculate the effect of detuning both the
TAS resolution ellipsoid and the SE parameters to a ‘wrong’
energy wyras, Which does not coincide with the actual energy
of the excitation w,g (see Fig. 3). Such a detuning might
happen if the excitation energy is not known with sufficient
precision or if there are multiple excitation branches within
the TAS ellipsoid, so that tuning to all of these branches is not
possible. In this section we assume that we have only one
dispersion branch and that both the centre of the TAS ellip-
soid and the nominal excitation share the same gy,

The shift in energy between the TAS resolution ellipsoid
and the excitation is AQpag = ®yras(qo) — @os(qy) We
include this shift by substituting Aw — Aw — AQrsg. The
resolution matrix then reads

Lyc =T'LAI+N+W
=1"(Lyps +in¥ + it I O HOI ) + N + W.
(80)
Since only the TAS transmission function changes, the
following substitution has to be made:
I Lpsl = Jiasl LyasWras (81)
with
Jras =3 =¥ = (Ao — AQqag, Ak, ¥1. Y2, 21, 25). - (82)
The new TAS resolution matrix is defined as Lg = I"L,sL

The matrix Lg is symmetric and therefore J''L¢J = JTLSJ'.
Using this symmetry yields

I asLedpas = JTLyJ — 20'LY + VLY
= JTLSJ — 2A8Qp55(Lg)y,d
+ (Lg)i AQs (83)
where (Lg),, defines the six-dimensional row vector of the
matrix Lg and (L), is the (1, 1) element of the matrix Lg. The

term proportional to (Lg),; AQ3 s is a constant, which can be
absorbed in the normalization factor N. With

1 1
- EHASLMC,TASJTAS == EJTLMCJ + AQpas(Lg),, I
1
) (Ls)11 AQ s (84)

the modified expression for the polarization reads

1
P = N/S(Q, ) eXP[—iTgAw + AQrpas(Ls)yy Aw] dAw

~ ~ T~ ~
x f exp (T%ASJ) exp (— EffTLMCJ) &, (85)

0.05 0.055 0.06
-1
qlA™]
Figure 3

0.065 0.07

0.065 0.07

0.05 0055 0.06
-1
qlA™]

(Left) The lines of constant Larmor phase (here encoded by colours) are in the tuned case parallel to the dispersion surface (black line) and the TAS
resolution ellipsoid is centred on the nominal excitation (qq, @,). (Right) The TAS ellipsoid is offset to (q,, @yras) and the lines of constant phase are
detuned.
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Here, the definition
TTAs = iTgTM + AQTAS(iS)ln (86)

was used. The result for the resolution function, including its
normalization to 1 at T = 0, reads then

~ 172
|:det Lyo(t) = 0)]

F, () = =
McTAs( 2 det Toye(2)

lor ~_1, e
X exp |:2 T¥ASLM1C(T£ )TTAS]

1~ - " [
X exp |:_ §T¥AS(O)LM1C(TZ = O)TTAS(O)]

87)
Since
€xp <T$ASiK/IICTTAS) = €xp <_ Téai‘{/li;llcfm)
X exXp |:+AQ"2FAS (tS)Tni;dlC(iS)1nj|
X exp [+i2‘c§ A QTASTMiKalc(is)m]
(88)

equation (87) yields
~ 172
|:det Lyc(% = 0):|

Fyctas (r) =

det f,MC(TQ’)

1 ~ T g
X exp 5AQ%AS(Ls)InLMlc(Tzl)(Ls)ln]

1 T T- 1 T
X exp| — 5 AQ"ZFAS(LS)TnLMlc(TZ = O)(LS)M}

1 ~ ~ ~
exp| - S T

: (89)

x exp| it AL TN ()(E)

Note that the phase term arising from
1~ ~_ ~
exp |:_ §T¥AS (0)Lyc(ty = 0)Trys (0)]

1 T T " T
= exp |:_ 5 AQ”ZFAS(LS)TnLMl(Z(fZ = 0)(LS)ln] (90)

can be neglected, since the term is independent of 7; and thus
is absorbed in the normalization factor.

The Fourier transform is no longer as simple as in the
previous subsections, since there is an additional term linear in
Aw:

[ exp[AQqas(Ls)y; Aw]S(Aw) exp(—ity Aw) dAw.  (91)

The term exp[AQpa5(Lg);; Aw] introduces a small asymmetry.
However, in practical cases AQqs5(Lg);;Aw < 1. Thus, the
exponential exp[AQas(Lg);; Aw] only varies slowly with Aw
and close to 1 over the Aw range of the scattering function
S(Aw). Therefore, this factor is neglected.

1
0.8
&
3
E 0»6
H
S04 _
§ —no detuning
- AQTAS =0.5meV
0.2
—AA3=0.5°
AA4=0.5°
0
0 20 40 60 80

T [ps]
Figure 4
Depolarization effects for RbMnF; at the zone boundary excitation
0 =1[050.5 —1], how = 8.3 meV, for energy detuned by AQy,, crystal
rotation angle detuned by AA3 and scattering angle detuned by AA4.
The intrinsic magnon line width is assumed to be zero. The depolarization
of the blue curve (no detuning) results from curvature effects.

Fig. 4 shows a numerical example for equation (89) for a
zone boundary magnon in RbMnF;, where an energy detuning
by AQr,s a crystal rotation angle detuning AA3 and a scat-
tering angle detuning by AA4 are compared. The intrinsic
magnon line width is assumed to be zero. The depolarization
of the blue curve (labelled ‘no detuning’) results from curva-
ture effects. In general, the effect of individually detuned
parameters depends on the dispersion (energy, slope, curva-
ture) and on the TAS configuration. In the case of a zone
boundary excitation as in Fig. 4 with zero slope of the
dispersion, the detuning in energy has the largest effect on the
polarization, whereas detuning in A3 and A4 causes q, to vary
around the maximum of the dispersion, which only leads to
small additional variations of the energy and the slope, such
that the effect on the polarization is also small.

4. Two dispersion branches

Now we generalize the result of the previous section to the
case of two dispersion branches within the volume of the
resolution ellipsoid. A less general case has already been
treated by Habicht et al. (2010), where, as simplification, the
spectrometer was tuned to one excitation branch and detuned
with respect to the second one. In the following calculation we
allow for tuning to an arbitrary wy,g, Which is more realistic
compared with the experiment where the resolution ellipsoid
is centred between the mode energies. We assume the TAS
ellipsoid is centred at (qq, wyrag), and that the energies of the
two excitation branches at the same q, are wyg(q,) and
wos2(qp)- The general expression for the polarization is given
by

1

P = N {/Sl(Q, Cl))Rl(ki, kl) eXp[ich(ki’ kt)] d3k1 dka

+ /Sz(Q, )R, (k;, k) exp[i®, (k;, k)] d3ki dskf } (92)
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Using the results from the previous section P reads

1

P== {/Sl(Aa))RTAS(Aa) - AQ,.73)

~
n

x expli®, (Ao, J,)] dAwd’]

+ /Sz(Aw)RTAS(Aw - A927jn)

x exp[i®,(Aw, )] dAwd’], §, (93)
where
AQ; = wyras — Dos1,052(Ge0)- (94)
The scattering function does not include the energy offsets:
Si,(Aw) = Ay, % (95)
12t Aw

Substituting the TAS resolution function Rp,g in equation
(93), the most general case reads

1
P= {/Sl(Aa)) exp[—it); Aw + AQ, (L), Aw] dAw
TT T Iope =\ s
X /exp(TTASlJ) exp(—EJ LMC1J> d’J,
+ /Sz(Aw) exp[—it),Aw + AQ,(Lg);; Aw] dAw
T 5 1~T~ T\ 45
x [ exp (TTASZJ) exp( =53 Lyed ) 4, 1. (96)
where

Trasio = ifg.l,2TM1,2 + AQ ,(Lg)y, 97)

Generalizing the equation to more than two dispersion
branches is possible in the same way, but is probably not of
practical importance.

1

0.8

0.6

0.4

echo amplitude |P|

0.2

0 5 10 15 20 25 30

7 [ps]
Figure 5
Experimental polarization data measured on a split boundary magnon
Q =[0.50.5 — 1], E= 846 meV, T =3 K, in RbMnF; at TRISP (Habicht
et al., 2010). The black line shows the calculation according to the general
model [equation (96)]. The simplified model assuming tuning to one
branch (Habicht et al., 2010) is shown as a dashed blue line.

We tested this model by re-analysing experimental data on a
zone boundary magnon in RbMnF; (Habicht et al., 2010). The
crystal consisted of two grains of comparable size and known
relative orientation: one grain was oriented with the (HHL)
plane parallel to the scattering plane, and the second grain was
tilted about 10° out of this plane. The magnon branches of the
two grains are very close at the zone boundary point
Q=[0.50.5 —1], E = 846 meV, shown in Fig. 5, with a
splitting of 0.4 meV calculated with the UB matrix formalism.
The black line shows equation (96). The only free fitting
parameter was the initial polarization P(t = 0). The latter
depends on the ratio of spin-flip and non-spin-flip processes,
which also results from the unknown domain populations. [For
isotropic domain  populations one would expect
P(r = 0) = 0.5.] Also included in the analysis is the effect of
components of the gradient vector perpendicular to the scat-
tering plane. Despite the large tilt of the second grain, these
perpendicular components are small, as the gradient close to
the zone boundary is also small. The discrepancy between the
simple model ignoring the second mode and equation (96) is
small in this example and only depends on one data point, but
this example shows that the new model properly describes
experimental data. The main feature in the black curve is an
oscillation with a period At =~ 10 ps, corresponding to the
mode splitting AE = 2nh/At >~ 0.4 meV.

Further experimental tests of the generalized resolution
function have already been reported by Groitl et al. (2011).
Here, a well defined model system to generate split excitation
modes with variable splitting was used. The model system
consisted of two Nb crystals both mounted in the (HHL)
scattering plane, where one crystal could be rotated by a piezo
drive around an axis perpendicular to the scattering plane
(corresponding to an A3 rotation).

We first measured the SE amplitude |P| versus t for a
transverse acoustic phonon at Q, = [110.05], E = 1.14 meV,
using one single crystal. Data were collected at the FLEX
spectrometer with NRSE (Keller et al., 1995; Groitl et al.,
2015), using graphite (002) both as monochromator and

\ — — exponential decay
RS —— extended model
0.8 N
o A\
> 3
S 0.6
2
€
S 0.4 + +
(o]
=
[$]
(0]
0.2
0
0 5 10 15 20 25 30
. T [ps]
Figure 6

SE data for an acoustic phonon in a single Nb crystal at Q, = [110.05],
E =1.144 meV at T = 65 K (Groitl et al., 2011). The simple exponential
decay (red line) fitted with P = exp(—I't) gives I' = 40 (3) peV. A fit
(black line) with equation (79) taking the curvature of the dispersion into
account gives I' = 2 (3) peV, i.e. close to zero, as expected.
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analyser, with k; = 1.90 A (Groitl et al., 2011; Groitl, 2012).
The beam is polarized and analysed by transmission polarizers
upstream of the monochromator and detector. At this small
q = 0.05 reciprocal-lattice units (r.L.u.), corresponding to g =
0.0968 A~ the dispersion surface is strongly curved
(~500 meV AZ) and significantly deviates from the planes of
constant Larmor phase even for tuned SE parameters. The
curvature induces a strong decay of |P|, which can be misin-
terpreted as intrinsic line width, as a fit with a simple expo-
nential exp(—I't) gives a line width ' = 40 (3) ueV (red
dashed line in Fig. 6). The data were taken at a relatively low
T =65 K, where we expect an intrinsic phonon line width close
to zero. A better fit using the resolution model, i.e. equation
(79), requires us to model the dispersion surface locally
around q, to calculate the elements of the curvature matrix
H,. We used the so-called DAF model (deLaunay, 1956) to
parametrize the phonon dispersion of Nb. The result of a fit
using equation (79) is shown as a black line in Fig. 6. The
resulting line width I' =2 (3) peV is, as expected, close to zero.

In order to test the resolution formalism for a mode doublet
[equation (96)], we added the second Nb crystal on the above-
mentioned sample holder and rotated it by 0.5° in the scat-
tering plane with respect to the first one (corresponding to a
rotation in A3). This corresponds to an offset in L by
0.012 r.l.u. and an energy splitting of 0.29 meV. This offset in g
also induces components of the gradient vector perpendicular
to the scattering plane, which were included in the analysis.
The SE data in Fig. 7 show lower polarization than for the
single crystal and a pronounced oscillation, where the modu-
lation depth is given by the phonon intensities of the two
crystals. For an analysis with the split mode resolution function
[equation (96)] we used the same curvature matrix Hy, as for
the single dispersion in Fig. 6. As the NRSE setup at FLEX did
not allow data collection at t < 6 ps, it proved difficult to fit I"
and AQ simultaneously. By assuming I" = 0, as obtained for
the single crystal, we get Aw = 0.27 (3) meV, in agreement
with the calculated value.

1
——single dispersion
——double dispersion
0.8
o
(0]
g 0.6
=
£
© 04
o
<
[S]
[0
0.2
0
0 5 10 15 20 25 30

) T [ps]
Figure 7

SE data on a model split mode generated by two mutually misaligned Nb
crystals at Q,=1[110.05] with a splitting AL = 0.012rlu. and
corresponding AQ2 = 0.29 meV (Groitl et al., 2011). The black line shows
a fit with the generalized resolution function [equation (96)]. The blue
line shows for comparison the fit with equation (79) from Fig. 6.

5. Conclusion

The resolution model for SE-TASs developed here includes
detuning effects and dispersion surfaces with components
perpendicular to the scattering plane. The formalism works for
arbitrary crystal symmetries. Curvature of the dispersion can
be easily calculated in reciprocal-lattice units. These general-
izations give more flexibility in the planning of experiments
and data analysis. The compact matrix formalism allows for an
easy numerical implementation.

APPENDIX A
TAS transmission function in matrix notation

The standard approximation of the resolution function for a
conventional TAS has been derived (Cooper & Nathans, 1967)
[corrections (Dorner, 1972)] and reformulated in a covariant
matrix formalism (Stoica, 1975). The formalism has been
extended (Popovici, 1975) to include real-space effects, such as
finite spatial dimensions of the optical elements and the
sample. Explicitly, the TAS resolution function reads (Popo-
vici, 1975)

Ryps(X) = &2 (det M) exp <_ 1XTMTASX> (98)
(2n) 2

with the four-component column vector
X = (X}, X5, X3, X,) = [Q — Qp, w(q) — wy(qp)]. Note that
X, is the fourth component of the vector X and the quantity
Aw = w(q) — wy(q) used in the calculations of the Larmor
phase in NRSE experiments is different and refers to energy
deviations from the dispersion surface for a given wavevector
q. [R,/(27)*](det My,5)""* is a normalization factor and R, is
given in equation (16) in the work of Popovici (1975).
Following Popovici the resolution matrix is given by

_ -1
- BA{[D(S +TFT) 'D"] 1+G} ATBT,  (99)

where G™! is the covariance matrix of the distribution of the
angular variables and F~' is the covariance matrix of the
reflectivity function. The matrices A, D, S, T and G are defined
as in Appendices I and II in the work of Popovici (1975). The
linearized relation

X = BY (100)

holds, with the six-component column vector Y = (Ak;, Ak;)
(see §2.5). In order to express the exponent of the resolution
function as a function of the six-component column vector
J=(Aw, Ak, y1, 2, 215 25), €quation (69) is used with the
6 x 6 matrix I as defined in Appendix B3. Therefore, equa-
tion (99) can be reformulated, yielding for the TAS resolution
matrix in the frame of J:

7 1
Loss = (IglA{[D(S ~|—TTFT)*1DT]71+G} lAT(IEI)T> .

(101)
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APPENDIX B D, C,N?

. U, =-—2———¢ 11
Matrix elements » 7 CNE (116)
B1. T vector D. CN

» GilVy
The components of the six-dimensional column vector T W = ZTQCZ Ny €3 117
introduced in equation (38) are ‘
7, N, W — 2&€izesz1 1 _h tanf, N; .
I=-1, T,=N, (Ci - r—ch>’ T; = c0s6,’ i 7} C2Ng cos6,cosf, mcosb,cosf, C;Ng =
Nge (118)
4= _COFSQQ .+ Ts=Ney, Ty=—Ngeg. (102)
2 W, =0, (119)
W, — — &eizeBNIz 1 D, epe N, 1 (120)
B2. The ¥ matrix 3 7 CINE coso, 70 CiNg cos6;’
The. nonzero elements of the symmetric 6 x 6 matrix ¥ in D, epesN, 1 htand, 1 N,
equation (38) are Vs =2——+ -— ——ep, (121)
D 7} C;Ng cosf, mcosf,C; Ng
Uy =——— 103
11 C%le:_’:é/ ( ) W = _zﬁeﬁeﬂ; 1 Etan 92 ie (122)
46 t) C? cosb, mcosh, C; ©
hooh T, N D, C?N?
Uy, =————tan’f, —2——-—2 2L (104) D. e N
m.m ke TGN Wy =22 L (123)
7, CiNg
ho1 D, 5N 1 :
W, =———— — 22 eli ‘2 - (105) with
mcos? 6, 7y CiNf cos? 6,
D, = (—r Ne _ 1o - —1 tan29> (124)
2 = 2 2 2
no1 h tan6, 1 Dyeb 1 ke -m;  2m
4= - T AT . (106)
mcos? 6, mcos? 6, C; 7y CZcos? 6,
h D, A N? B3. The I matrix
‘I’ssz_*_zfﬁze'i 12 (107) ¢ . . .
m 7y CiNp The nonzero elements of the 6 x 6 matrix I in equation
(73) are
h Dy e
Y, =——2—218 (108) _ 1
66 ‘L'é/ C% IC,12 - cos 91 , (125)
\II12 — D_//Z CINIZ , (109) IC,13 = —tan 01, (126)
7 CiNE
1
D,e,N, 1 Iy = — : , (127)
W, — 22 Cli (110) Nrgey, sin 6, + Nyey cos 6,
b 7 C2NZcos6,’
[ e, Nysin 6, — e;; Ny cos 0, (128)
W — _2& epn 1 htan6, 1 (111) 27 e Npcos O, cos B, + e Ng cos 0, sin6,’
" 7} C2Ngpcos, mcos, C;Np’
o e, Ny cos? 0, + e, Ny sin® 6, (129)
v — D, eN (112) 487 e Ny cos 6, cos 0, + e, N cos 6, sin 6,
;. _en sin6, — e;, cos 6, (130)
v D, e 113) cH e cos B, + ey, sin6,’
o 7 NpCt'
_ Niey
Teys = - , (131)
f tan 6 D. C.N2 1 epNgsin 6, + e, N cos 6,
p=—— =22 e, : (114)
® mcosb, 7 C2NZ " cos O, ey
Teus = —, (132)
e, cos b, + e, sin 6,
h tan 6, C,N; D, CN, 1
v, =—— : —— , 115
% cost, OGNy | T CONy P cos b, (115) Ty =Iens =Icsy = Ieg=1. (133)
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B4. The Ic" matrix

The nonzero elements of the 6 x 6 matrix Iz in equation
(73) are

16,111 = N(e; cos 0, — e, sin6,), (134)
Ich, = Ny(e; sin 6, + e, cos 6,), (135)
16,113 = ey, (136)

Ich, = —Ng(ey cos 0, + ey sin6,), (137)
Ichs = —Ni(ey sin 0, — e, cos 6,), (138)
16,116 = —epNg, (139)

Ich, = cos b, (140)

Ich, =sin6,, (141)

Ieh =1Icus =los = Ik = 1. (142)
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